Introduction {#Sec1}
============

The modelling of unconfined water flow in layered porous media is a challenging problem with important applications in Earth sciences and engineering. Relevant examples of such applications are found in the drainage of agricultural lands (Schmid and Luthin [@CR36]), or the internal drainage of ballasted railway tracks (Rushton and Ghataora [@CR34]), among others. An exact analytical solution to the problem is virtually impossible due to the nonlinearity of the unconfined boundary condition and the fact that the location of this boundary is unknown (Bear [@CR5]). This modelling complexity is accentuated when dealing with sloping layered porous media with recharge (Rushton and Youngs [@CR35]), which typically requires the use of numerical methods such as finite-difference (FD) (Wang and Anderson [@CR42]; Todsen [@CR40]; Lee and Leap [@CR23]) or finite element (FE) models (Shamsai and Narasimhan [@CR38]; Rulon et al. [@CR32]; Chen et al. [@CR10]; Zheng et al. [@CR52]) to approximate the exact solution. However, these numerical methods become computationally demanding and hence non-feasible for several activities such as model calibration, parameter estimation and optimization, since such analyses require a great number of model evaluations. Groundwater numerical models, especially those considering unconfined flow with recharge (e.g. precipitation), may require significant CPU time to complete a single forward run.  Approximate models can be used to address the computational complexity of the numerical models; however, they require a number of simplifying assumptions so that they can be solved analytically.

The Dupuit--Forchheimer (D--F) theory is perhaps the most powerful and widely accepted simplifying theory for treating unconfined flows (Bear [@CR5]), although most of the available solutions are restricted to homogeneous isotropic porous media (Schmid and Luthin [@CR36]; Wooding and Chapman [@CR43]; Towner [@CR41]; Chapman [@CR9]; Yates et al. [@CR44]; Knight [@CR21]; Castro-Orgaz and Giráldez [@CR8]). Despite its practical relevance, very few references can be found in the literature dealing with some form of approximate model to efficiently approach the problem of unconfined water flow in layered porous media with recharge. Youngs ([@CR45], [@CR46]) provided an analytical formulation of the unconfined seepage flow problem in soils with hydraulic conductivity varying with depth that was further extended in Youngs ([@CR49]) for sloping lands; notwithstanding, these works do not consider solutions for water table profiles. More recently, Youngs and Rushton ([@CR48]) have provided an approximate model for steady-state water table prediction in two-layered undulating soils with recharge in the context of a railway track drainage problem, although it is restricted to systems with two parallel layers, which significantly bounds the practical scope of the proposed solution. Moreover, there are known limitations of the D--F theory based on the assumed simplifying hypotheses about seepage flow. Most authors agree that solutions must be restricted to problems where flow is essentially horizontal with a small inclination of the water table (Bear [@CR5]; Lee and Leap [@CR23]; Castro-Orgaz and Giráldez [@CR8]). Others, in contrast, have shown that D--F solutions are sufficiently accurate even when water table slope is considerable and there is a significant vertical velocity component (Towner [@CR41]; Youngs and Rushton [@CR47], [@CR48]). However, as evident from the results in Youngs and Rushton ([@CR47], [@CR48]), the accuracy of the proposed D--F approximations greatly depends on the adopted values of some model parameters. These model parameters are not fitting parameters that need to be tuned nor estimated by comparing model predictions against observed data. Rather, these are physical parameters that represent the actual properties of the porous medium. Hence, it is important to identify the values of the model parameters that makes the D--F approximation accurate when compared against a system response taken as a benchmark.

In this context, the contribution of this paper is threefold: First, an approximate model for steady-state water flow in multilayered porous media with recharge is presented based on the D--F theory. The model predicts the water table elevation for unconfined sloping systems with an unlimited number of non-parallel layers, where the recharge is drained to a downstream boundary. See Fig. [1](#Fig1){ref-type="fig"} for a schematic representation of the system considered. After solving the resulting differential equation, the solution obtained for water table height is shown to generalize the one proposed by Youngs and Rushton ([@CR48]) for two parallel layers, so that it becomes a particular case of the model proposed herein. In addition, an efficient approach based on the Newton--Raphson method is proposed to accurately determine the crossing points where water table intersects the interface of layers with contrasting hydraulic conductivities, which is a known difficulty when dealing with layered porous media (Youngs and Rushton [@CR48]; Rushton and Youngs [@CR35]). The method is intended to prevent inaccuracies in the solution due to uncontrollable error propagation.Fig. 1Steady-state unconfined water table representation (blue solid line) for a 2D *n*-layered sloping porous medium. The impervious base is represented in grey colour, and the boundaries between layers with different hydraulic conductivities are represented by dashed lines

Second, this paper proposes a Bayesian inverse problem methodology (Tarantola [@CR39]; Rus et al. [@CR33]) that identifies the values of the parameters for which the proposed model is more likely to perform identical to a reference numerical model using MODFLOW (Harbaugh [@CR17]). MODFLOW is the open-source FD model by the U.S. Geological Survey and the most widely used computer code to solve the exact formulation of the problem of water flow in porous media. By the proposed methodology, the identification of model parameters is formulated as a probabilistic inverse problem within the framework of Bayesian hypothesis testing, since it provides a rigorous framework to account for the various types of modelling uncertainties (e.g. discretization error and truncation error) within the assessment. The *null hypothesis* in this inference problem corresponds to the event that the hypothesized model is equivalent to the reference MODFLOW model. Relative probabilities are used to quantify the degree of belief that the null hypothesis is true, conditioned on the values of model parameters. Next, an inverse problem is formulated based on Bayes' theorem where the probability distributions of the model parameters are estimated conditioned on the event that the null hypothesis holds.Fig. 2Schematic representation of the proposed two-level Bayesian model assessment framework

Third, since the identification of the model parameters can be computationally challenging when dealing with significantly large search spaces, this paper proposes a novel two-stage inverse problem implementation methodology. A schematic view of this methodology is shown in Fig. [2](#Fig2){ref-type="fig"}. By this methodology, the Bayesian assessment of the null hypothesis is first performed across several partitions of the parameter space into various parameter subspaces, and then the problem of parameter identification, which is computationally more demanding, is run over those subspaces with higher relative plausibilities. Consequently, the approach has the advantage of being able to identify (1) the values of the model parameters within a given subspace and also (2) the subspaces within the overall parameter space where the null hypothesis is more likely to hold, with quantified uncertainty. Upon the implementation of the proposed methodology to a representative case study, new evidence is obtained regarding the suitability of the D--F theory for non-horizontal flow in unconfined layered systems.

The paper is organized as follows: Sect. [2](#Sec2){ref-type="sec"} presents the formulation of the proposed model. In Sect. [3](#Sec5){ref-type="sec"}, the proposed Bayesian framework for model assessment is presented. Section [4](#Sec9){ref-type="sec"} is devoted to providing results and discussing the proposed Bayesian framework for model assessment, along with computational details about implementation. In Sect. [5](#Sec13){ref-type="sec"}, a practical engineering example about railway track drainage is provided to illustrate the applicability of the model in a real-life scenario. Finally, some concluding remarks are provided in Sect. [6](#Sec14){ref-type="sec"}.

Proposed Model {#Sec2}
==============

Governing Equations {#Sec3}
-------------------

Let us consider a physical system represented by a two-dimensional *n*-layered sloping porous medium. This system may represent in practice a layered soil overlying an impermeable bed that rises to a peak between drains at the downstream boundaries of the system with water head $\documentclass[12pt]{minimal}
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                \begin{document}$$H_{B}$$\end{document}$, as depicted in Fig. [1](#Fig1){ref-type="fig"}. A uniform steady-state vertical recharge flow rate *q* (e.g. precipitation intensity) is considered as an input to the system.

Using the principle of mass conservation (Bear [@CR5]) as point of departure and assuming a laminar flow parallel to the sloping bed, the water flow can be obtained as a function of the horizontal distance *x* as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$S_{\ell }$$\end{document}$ the section perpendicular to the flow in that layer. Therefore, Eq. ([1](#Equ1){ref-type=""}) becomes:$$\documentclass[12pt]{minimal}
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                \begin{document}$$S_{\ell }(x)$$\end{document}$ can be obtained from Fig. [1](#Fig1){ref-type="fig"} as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\tan \alpha _0$$\end{document}$ is the slope of the impervious base, as shown in Fig. [1](#Fig1){ref-type="fig"}. From Darcy's law, the velocity of flow within the $\documentclass[12pt]{minimal}
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                \begin{document}$$K_{\ell }$$\end{document}$ is the hydraulic conductivity of the layer. By substitution of Eqs. ([3](#Equ3){ref-type=""}) and ([4](#Equ4){ref-type=""}) into Eq. ([2](#Equ2){ref-type=""}), the governing equation for unconfined flow in a *n*-layered sloping system is obtained as:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} qx\cot \alpha _0=-\frac{\hbox {d}h(x)}{\hbox {d}s}\left( \sum _{\ell =1}^{n-1}K_{\ell }t_{\ell }(x)+K_{n}\Big (h(x)-\sum _{\ell =1}^{n}t_{\ell }(x)-(L_{x}-x)\tan \alpha _0\Big )\right) . \end{aligned}$$\end{document}$$The last differential equation involves two independent variables, namely *x* and *s*, where *s* is a coordinate measured along the sloping bed with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s = 0$$\end{document}$ corresponding to the water table height at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x = 0$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s=s_{B}$$\end{document}$ at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x=L_{x}$$\end{document}$. These independent variables can be shown to be geometrically related as (Youngs and Rushton [@CR48]):$$\documentclass[12pt]{minimal}
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Solution Method {#Sec4}
---------------

The expression in Eq. ([9](#Equ9){ref-type=""}) together with the boundary conditions in ([11](#Equ11){ref-type=""}) constitutes a nonlinear first-order differential equation in *h*(*x*) with no closed-form explicit solution. An implicit parametric solution specified by $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ being a sufficiently small error tolerance. An algorithmic description of the proposed piecewise prediction of the steady-state unconfined water table in layered porous media is provided in Algorithm 1.

Bayesian Model Assessment {#Sec5}
=========================

The model proposed in Sect. [2](#Sec2){ref-type="sec"} is just an idealization of reality based on a set of modelling assumptions. For a particular system output (e.g. water table height), the validity of such simplifying assumptions depends on the adopted values of certain model parameters, such as hydraulic conductivities or slope of layers. A Bayesian inverse problem framework is proposed in this section to efficiently identify the value of the model parameters that better suit the hypothesis that both the proposed model and a reference numerical model given by MODFLOW-NWT (Niswonger et al. [@CR29]) render identical outputs. MODFLOW-NWT is a MODFLOW variant that uses the Newton--Krylov method (Knoll and Keyes [@CR22]) and unstructured, asymmetric matrix solvers to numerically solve the exact formulation of the two-dimensional groundwater flow problem. MODFLOW-NWT is shown to be particularly suitable for unconfined layered systems like the one considered here where the water table crosses the interface between layers with contrasting hydraulic conductivities (Painter et al. [@CR30]; Keating and Zyvoloski [@CR20]). To avoid repetition of the literature, the interested reader is referred to Harbaugh ([@CR17]) and Niswonger et al. ([@CR29]) for specific details about MODFLOW modelling.

General Settings {#Sec6}
----------------
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                \begin{document}$$\varvec{v}\in \mathbb {R}^{n_{\varvec{v}}}$$\end{document}$ being particular model inputs defining the geometry and the configuration of the numerical model.

Observe that aside from model inputs, both models share the same set of model parameters $\documentclass[12pt]{minimal}
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Henceforth, a more principled and efficient method is to assess the *degree of belief* of hypothesis $\documentclass[12pt]{minimal}
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Assessment of Model Parameters {#Sec7}
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Assessment of Parameter Subspaces {#Sec8}
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From a theoretical point of view, the information stemming from Eq. ([29](#Equ31){ref-type=""}) would be enough to identify the values $\documentclass[12pt]{minimal}
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Numerical Validation by Bayesian Assessment {#Sec9}
===========================================

In this section, the proposed model for unconfined water flow in sloping layered porous media is tested using a three-layered unconfined system as an illustrative example. Sections [4.1](#Sec10){ref-type="sec"} and [4.2](#Sec11){ref-type="sec"} describe the system configuration and modelling details for the proposed Bayesian assessment methodology. The results are provided and discussed in Sect. [4.3](#Sec12){ref-type="sec"}.Fig. 3Representative three-layered unconfined aquifer considered as a case study for Bayesian model assessment

System Configuration {#Sec10}
--------------------

The outcomes of the two-stage Bayesian model assessment methodology presented in Sect. [3](#Sec5){ref-type="sec"} are shown here for the representative system depicted in Fig. [3](#Fig3){ref-type="fig"}. In this example, a 1-m-half-width 0.5-m-thick three-layered unconfined sloping porous media is considered. For the sake of illustration simplicity, layers are assumed to remain parallel to the impervious base, i.e. $\documentclass[12pt]{minimal}
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From this standpoint, both the proposed model and the numerical reference model given by MODFLOW-NWT are repetitively run for different values of model parameters $\documentclass[12pt]{minimal}
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M--H Algorithm Implementation {#Sec11}
-----------------------------

As stated in Sect. [3.2](#Sec7){ref-type="sec"}, the prior PDF associated with the set of model parameters $\documentclass[12pt]{minimal}
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Results and Discussion {#Sec12}
----------------------

The assessment and rank of the various subspaces of parameters defined in Table [1](#Tab1){ref-type="table"} is shown in Fig. [4](#Fig4){ref-type="fig"} based on the posterior plausibilities $\documentclass[12pt]{minimal}
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At the level of the model parameters, Fig. [5](#Fig5){ref-type="fig"} shows the results for the Bayesian model parameter assessment for the different subspaces defined in Table [1](#Tab1){ref-type="table"}. As apparent from the results, the proposed Bayesian methodology is able to identify through probability densities the subregion within the space of parameters where the hypothesis $\documentclass[12pt]{minimal}
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                \begin{document}$$\left[ 0.015, 0.15\right) $$\end{document}$, which covers a significant part of practical groundwater problems in science and engineering. These results provide new evidence against the general notion that D--F theory must be restricted to regions with a small inclination of the water table and where the vertical flow component may be neglected. Instead, the vertical recharge to hydraulic conductivity ratio (*q* / *K*) formally emerges as a critical parameter for model assessment so that when conveniently bounded, the assumption of unidimensional flow parallel to the impervious base can be safely adopted. For subspaces $\documentclass[12pt]{minimal}
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                \begin{document}$$\tan \alpha _0=0$$\end{document}$, as evident from Fig. [5](#Fig5){ref-type="fig"}c, d. This is also manifested in the lower values for the relative plausibilities for those subspaces, as shown in Fig. [4](#Fig4){ref-type="fig"}. These low values for the plausibilities can be explained based on the likelihood function, which is evaluated using prior samples from a region of the parameter subspace far from the narrow region of high likelihood (recall Eq. [35](#Equ37){ref-type=""}), which requires values of the slope parameter close to $\documentclass[12pt]{minimal}
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Finally, as a proof of model fitting accuracy, a simulation experiment using the outputs of both models, namely the MODFLOW-NWT model and the model proposed here, has been carried out and the results are shown in Fig. [6](#Fig6){ref-type="fig"}. To prevent the models from being evaluated for the most plausible parameters in terms of fulfilment of hypothesis $\documentclass[12pt]{minimal}
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                \begin{document}$$\Theta _4$$\end{document}$ which show very low relative posterior plausibilities. A local exception to such goodness of fit can be observed in the vicinity of the downstream face, where the adequacy of the assumed hypothesis of flow parallel to the base is noticeably poor, due to the formation of a seepage face. This seepage face is properly simulated by MODFLOW-NWT, but cannot be predicted by the proposed model due to the assumed hypothesis of unidimensional flow (Bear [@CR5]). Notwithstanding, some *ad hoc* solutions have been suggested in the literature to emulate the effect of the seepage face on the D--F solution by introducing an artificial boundary condition (Mizumura [@CR27]; Rushton and Youngs [@CR35]; Dan et al. [@CR13]). These solutions could be conveniently incorporated into the proposed model to better fit the reality in such region.Fig. 6Water table heights as predicted by the proposed model and MODFLOW-NWT model for the system depicted in Fig. [3](#Fig3){ref-type="fig"} using a representative value for $\documentclass[12pt]{minimal}
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Engineering Case Study {#Sec13}
======================

Railway track drainage plays a significant role on the overall safety and serviceability of the railway infrastructure; however, it has been commonly given insufficient attention during design and operation (Selig and Waters [@CR37]). This is perhaps due to the lack of practical but accurate modelling tools for practitioners and maintenance engineers, along with the complexity of available computational models for numerical simulation. To illustrate the applicability and efficiency of the proposed model in the context of this engineering application, the steady-state water table elevation, as predicted by the proposed model, is computed and compared against MODFLOW-NWT for a system representing a ballasted railway track section (ballast and sub-ballast) under service conditions. To assess the effect of the track degradation on the water table elevation, the models are simulated for two scenarios representing different levels of ballast degradation in terms of loss of hydraulic conductivity. Results and configuration details are shown in Fig. [7](#Fig7){ref-type="fig"} for both scenarios. Two recharge rates $\documentclass[12pt]{minimal}
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                \begin{document}$$q=\{3\times 10^{-6},5\times 10^{-6} \}$$\end{document}$ m/s are considered for each case study, which approximately correspond to the rainfall intensity for 1 hour in the Midlands of England for 2- and 5-year return periods, respectively. Note in Fig. [7](#Fig7){ref-type="fig"}b that the severely degraded scenario is simulated by introducing an additional fouled layer at the bottom of the track section. This fouled layer is a consequence of the hydraulic pumping of sub-soil fine particles through the ballast voids, which has been reported by several authors not only for railway tracks (Selig and Waters [@CR37]; Duong et al. [@CR14]), but also for road pavements (Alobaidi and Hoare [@CR1], [@CR2]; Yuan et al. [@CR50]). Thus, the internal drainage of the track section under severe degradation results in a three-layered unconfined sloping porous medium with non-parallel layers, where no analytical formulation in the current literature is applicable. To simulate both scenarios using MODFLOW-NWT, each layer is discretized into 500 columns and 10 sublayers to allow for seepage formation. Such discretization is assessed through initial test runs such that the solution given by MODFLOW-NWT becomes independent of the grid size. The same boundary conditions and solver input values as those specified in Sect. [4.3](#Sec12){ref-type="sec"} for MODFLOW simulation are adopted; therefore, they are not repeated here. The water head at the downstream boundary is conservatively set to $\documentclass[12pt]{minimal}
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                \begin{document}$$H_\mathrm{B}=0$$\end{document}$ for both moderate and severe degradation cases. In view of Fig. [7](#Fig7){ref-type="fig"}, the agreement between the proposed model and MODFLOW-NWT is markedly good for the moderate degradation scenario for both rainfall intensities. For the severely degraded system, the agreement is fairly good except in the vicinity of the downstream boundary, due to the formation of a seepage face, as discussed in Sect. [4.3](#Sec12){ref-type="sec"}.Fig. 7Steady-state water table prediction using both the proposed model and MODFLOW-NWT for a 5.5-m-half-width track section for two scenarios of ballast degradation. Lower water tables correspond to $\documentclass[12pt]{minimal}
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Conclusions {#Sec14}
===========

An approximate model based on the Dupuit--Forchheimer theory has been presented to efficiently predict the steady-state water table height in sloping layered porous media with recharge. The model was developed as an alternative to the numerical modelling version of the same problem, which becomes computationally intractable in a number of practical problems requiring multiple model evaluations. To verify and validate the proposed model, a novel approach based on Bayesian hypothesis testing has been developed to evaluate the accuracy of the new model against the numerical model MODFLOW-NWT, an open-source finite-difference code by the U.S. Geological Survey for unconfined groundwater flow, considered here as reference model. The assessment is carried out through probabilities that measure the relative extent of agreement between both models for the many possible values of model parameters while accounting for the underlying modelling uncertainties. The numerical implementation of this Bayesian methodology is facilitated by considering multiple subspaces within the overall parameter space, and the probabilities across such multiple subspaces are integrated using principles of conditional probability and total probability. The ratio of vertical recharge to hydraulic conductivity formally emerges as a critical parameter for model accuracy so that when conveniently bounded, both the proposed model and MODFLOW-NWT provide almost identical results.

Building on this work, a future research direction is the application of the proposed Bayesian framework to infer an approximate model for unconfined flow in large-scale heterogeneous porous media taking as reference model a stochastic numerical modelling approach (Mantoglou [@CR24]; Mousavi Nezhad et al. [@CR28]), which would allow the consideration of spatially variable hydraulic properties in the assessment. Another desirable further work in the context of model development is the assessment of a sound approach to improve the lack of fitting accuracy of the proposed model in the vicinity of the seepage face.
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                \begin{document}$$P(\cdot )$$\end{document}$ is used to denote probability.
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